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1 Introduction
B. Harris [3] Chen [2] , Riemnann $X$
. $X$ Jacobian X–X-
. , [4], [6] .
. [5] ,
. M. Pulte [8] Riemann




2 The pointed harmonic volume
$X$ $g(\geqq 2)$ Riemann . $X$ 1 , $X$
Chen [2] . $\omega_{1},$ $\omega_{2}$ $X$ 1
, $\gamma$ : $[0, 1]arrow X$ $X$ . , $\omega_{1},$ $\omega_{2}$ $\gamma$ ( 2 )
$\int\omega_{1}\omega_{2}=\oint_{0\leq t_{1}\leq t_{2}\leq 1}f_{1}(t_{1})f_{2}(t_{2})dt_{1}dt_{2}$
. , $f_{1},$ $f_{2}$ , $t$ $[0, 1]$ , $\gamma^{*}(\omega_{i})=f_{i}(t)dt$
. , .
.
Lemma 2.1 $\omega_{1,i},$ $\omega_{2,i}$ , $\mathrm{i}=1,2,$ $\ldots,$ $m$ , $X$ 1 , $\gamma$ : $[0, 1]arrow X$ $X$
. $\oint_{X}\sum_{i=1}^{m}\omega_{1,i}\Lambda\omega_{2,i}=0$ $l\mathrm{h}^{\grave{\backslash }},$ $d \eta=\sum_{i=1}^{m}\omega_{1,i}\Lambda\omega_{2,i}$ $\backslash \grave{f}\ovalbox{\tt\small REJECT}\gamma_{-\text{ }}$’




Lemma 2.1 , [8] . $X$ 1
$H^{1}(X;\mathbb{Z})$ $H_{1}(X;\mathbb{Z})$ Poincare’ , $H$ .
Hodge $*$ ( , )
$H$ “$X$ $\mathbb{Z}$ , 1 ”
(Hodge ). $(, )$ : $H\otimes Harrow \mathbb{Z}$ , $K=\mathrm{k}\mathrm{e}\mathrm{r}(, )$ . $p$
$X$ . $I_{p}$ Riemann $(X,p)$ ,
$K\otimes H$ $\mathbb{R}/\mathbb{Z}$ .
Definition 2.2
$I_{p}(( \Lambda\sum_{-1}^{m}a_{i}\otimes b_{i})\otimes c)=\sum_{i=1}^{\iota\cdot\iota}l^{a_{i}b_{i}-}l^{\eta}$ mod Z.
$\backslash \backslash _{\iota=1}^{--}$
/ 1 $i=1^{\cdot}J\gamma$ $.’\gamma$
$\gamma$ , $H_{1}(X$ ;Z$)$ \ni [\gamma ]=( $c$ Poincar6 ), $p$
. $\sum_{i=1}^{m}(a_{i}, b_{i})=0$ , $X$ 1-
$\eta$ . $d \eta=\sum_{i=1}^{m}a_{i}\Lambda b_{i}$ , $X$ 11
$\alpha$ , $\oint_{X}\eta\wedge*\alpha=0$ , $\text{ }$ . $I_{p}$ $\gamma$ $\sqrt[\prime]{}\backslash$ .
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Remark 23Pulte [8] , $I_{p}$ , $\mathbb{Z}\pi_{1}(X, p)/J^{3}$ mixed
Hodge structure Riemann $(X, p)$ ,
Torelli . , $p$ , $J$ $\mathbb{Z}\pi_{1}(X,p)$
.
$\{x_{i}, y_{i}\}_{i=1,\ldots,g}$ $H$ $(x_{i)}y_{j})=\delta_{ij}=-(y_{j}, x_{i}),$ $(x_{i}, x_{j})=$
$(y_{i}, y_{j})=0$ $H$ , . $z_{i}=x_{i}$ or $y_{i}$ , $K$
$\{\begin{array}{lllll}(1) z_{i}\otimes z_{j}’ (i\neq j) (2) x_{i}\otimes y_{i}-x_{1}\otimes y_{1} (i\neq 1) (3) x_{i}\otimes y_{i}+y_{i}\otimes x_{i} (i=1,2 \cdots g)(4) z_{i}\otimes z_{i} (i=1,2 \cdots g)\end{array}\}$ .
$(H^{\otimes 3})’$ kernel
$H\otimes H\otimes H\ni\omega_{1}\otimes\omega_{2}\otimes\omega_{3}\mapsto((\omega_{1},\omega_{2})\omega_{3},$ $(\omega_{2},\omega_{3})\omega_{1}),$ $(\omega_{3},\omega_{1})\omega_{2})\in H\oplus H\oplus H$.
$(H^{\otimes 3})’\subset K\otimes H$ , $I_{p}$ $(H^{\otimes 3})’$
, ([3]). [5]
. , $K\otimes H$ $(H^{\otimes 3})’$ ,
(1a) $z_{i}\otimes z_{j}’\otimes z_{i}’’$ $(\mathrm{i}\neq j, z_{i}\neq z_{i}’’)$ ,
(1b) $z_{i}\otimes z_{j}’\otimes z_{i}’’$ $(\mathrm{i}\neq j, z_{j}’\neq z_{j}’’)$ ,
(2a) $(x_{i}\otimes y_{i}-x_{1}\otimes y_{1})\otimes z_{i}’’$ $(i\neq 1^{1},$ ,
(2b) $(x_{i}\otimes y_{i}-x_{1}\otimes y_{1})\otimes z_{1}’’$ $(\mathrm{i}\neq 1)$ ,
(3) $(x_{i}\otimes y_{i}+y_{i}\otimes x_{i})\otimes z_{i}’’$ ,




$\ldots,$ $2g+1$ . $C$
.
$\{(z, w)\in \mathbb{C}^{2};w^{2}=\prod_{i=0}^{2g+1}(z-p_{i})\}$ .




, $\pi$ $\{p_{i}\}_{i=0,1,\ldots,2g+1}$ 2 . $C$
$P_{i}$ ( $\pi(P_{i})=p_{i}$ ) . , , $C$
$\iota:C\ni(z,$ $w^{)},$ $\mapsto(z, -w)\in C$
. , $P_{i}$ Weierstrass ,
Weierstrass . , $\iota$ , $H$
, $I_{P_{i}}$ , $I_{P_{i}}=(-1)^{3}I_{P_{\dot{x}}}\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ , $I_{P_{i}}=0$ or1/2 $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$
.
$C$ 1 $H_{1}(C;\mathbb{Z})$ . 1
, $Q_{0},$ $Q_{1}=(\iota(Q_{0}))$ , $C$ $e_{j}$ , $Q_{0},$ $P_{j}$ ,
$Q_{1}$ . $e_{j_{1}}\cdot\iota(e_{j_{2}})$ $C$ $Q_{0}$
. , $e_{j_{1}}\cdot\iota(e_{j_{2}})$ , $e_{j_{1}}$ , $\iota(e_{j_{2}})$
. $Q_{0}$
$e_{j}\cdot\iota(e_{j})\sim 1$ , $j=0,1,$ $\ldots,$ $2g+1$ ,
$e_{0}\cdot\iota(e_{1})\cdots\cdot\cdot e_{2g}\cdot\iota(e_{2g+1})\sim 1$ .
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2: $\pi(e_{j}’)$
. $Q_{0}$ $C$ $a_{i},$ $b_{i},$ $\mathrm{i}=1,2,$ $\ldots,$ $g$
$a_{i}=e_{2i-1}\cdot\iota(e_{2\mathrm{i}})$ ,
$b_{i}=e_{2i-1}\cdot\iota(e_{2i-2})\cdots$ . $e_{1}$ . $\iota(e_{0})$ .
. $a_{i},$ $b_{i}$ $x_{i},$ $y_{i}\in H_{1}(C;\mathbb{Z})$ .
Lem ma 31 $\{x_{i}, y_{i}\}_{i=1,2,\ldots,g}$ , $H_{1}(C;\mathbb{Z})$ .
$H_{\mathbb{Z}_{2}}:=H_{1}(C;\mathbb{Z}_{2})$ . $B$ $\{p_{i}\}_{i=0,1,\ldots,2g+1}$ . $C$ $e_{j}$
$P_{j}$ , $e_{j}’$ . $\pi(e_{j}’)$ 2
, $\{\pi(e_{j}’)\}_{j=0,1,\ldots,2g}$ $H_{1}(\mathbb{C}P^{1}\backslash B;\mathbb{Z}_{2})$ . . $\sum_{j=0}^{arrow\gamma_{\mathit{9}+1}}\pi(e_{j}’)=0$
. Z2Z , $e_{j}’\in H_{1}(\mathbb{C}P^{1}\backslash B;\mathbb{Z}_{2})$
.
$v:H_{\mathbb{Z}_{2}}arrow H_{1}(\mathbb{C}P^{1}\backslash B;\mathbb{Z}_{2})$ $v(x_{i}\mathrm{m}\mathrm{o}\mathrm{d} 2)=\pi(e_{2i-1}’)+\pi(e_{2i}’),$ $v(y_{i}\mathrm{m}\mathrm{o}\mathrm{d} 2)=$
$\pi(e_{0}’)+\pi(e_{1}’)+\cdots+\pi(e_{2i-1}’)$ .
$0-H_{\mathbb{Z}_{2}}varrow H_{1}(.\mathbb{C}P^{1}\backslash B;\mathbb{Z}_{2})\underline{\in}\mathbb{Z}_{2}-0$ .
$\epsilon:H_{1}(\mathbb{C}P^{1}\backslash B;\mathbb{Z}_{2})arrow \mathbb{Z}_{2}$ $\epsilon(\pi(e_{i}’))=1$ . Weierstrass $P_{y}$






$H_{\mathbb{Z}_{2}}$ . , $f_{0}+f_{1}+\cdots+f_{2g+1}=0$
.
4 Pointed harmonic volumes for $(C_{0}, F_{\iota/})$
$C_{0}$ .
$\{(z, w)\in \mathbb{C}^{2};w^{2}=z^{2g+2}-1\}$ .
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$C0$ 2 , $Q_{0}=(0, \sqrt{-1}),$ $Q_{1}=(0, -\sqrt{-1})(=\iota(Q_{0}))$ . $\zeta=\exp(2\pi\sqrt{-1}/(2g+$
$2))$ , $C_{0}$ $e_{j}$, : $[0, 1]arrow C_{0},j=0,1,$ $\ldots,$ $2g+1$ .
$\{$
$(2t\zeta^{j}, \sqrt{-1}\sqrt{1-(2t)^{2g+2}})$ for $0\leq t\leq 1/2$ ,
$((2-2t)\zeta^{j}, -\sqrt{-1}\sqrt{1-(2-2t)^{2g+2}})$ for $1/2\leq t\leq 1$ .
$C_{0}$ 1 $\omega_{i}=z^{i-1}dz/w,$ $\mathrm{i}=1,2,$ $\ldots,$ $g$ . $\omega_{i}$ , $C_{0}$
, $\{\omega_{i}\}_{i=1,2,\ldots,g}$ $C_{0}$ 10 $\mathbb{C}$ .
$B(u, v)$ $\int_{0}^{1}x^{u-1}(1-x)^{v-1}dx(u, v>0)$ , $\omega_{i}’$ , $1$ 1\mbox{\boldmath $\omega$}
$\frac{(2g+2)\sqrt{-1}}{2B(\mathrm{i}/(2g+2),1/2)}\omega_{i}$
. $\Omega_{a},$ $\Omega_{b}$ , $(\mathrm{i}, 7)$
$f_{a_{j}}\omega_{i}’$ and $\oint_{b_{j}}\omega_{i}’$ .
$C_{0}$ 10 $\alpha_{i},$ $\beta_{i},$ $\mathrm{i}=1,2,$ $\ldots,$ $g$
$(\begin{array}{l}\alpha_{1}.\alpha_{g}\end{array})=\Re((\Omega_{b})^{-1}(\begin{array}{l}\omega_{1}’\vdots\omega_{g}’\end{array}))$ and $(\begin{array}{l}\beta_{1}\vdots\beta_{g}\end{array})=-\Re($ $(\Omega_{a})^{-1}(\begin{array}{l}\omega_{1}’\vdots\omega_{g}\end{array}))$
. , Poincare’ , $\alpha_{i}rightarrow x_{i},$ $\beta_{i}rightarrow y_{i}$
.
$u$ f , $t_{\mathrm{z}4}= \sum_{p=1}^{g}\zeta^{up}$ .
$t_{u}=\{$
$g$ for $u\in(2g+2)\mathbb{Z}$ ,
-1 for $u\not\in(2g+2)\mathbb{Z}$ and $u$ :even,
$\frac{1+\zeta^{u}}{1-\zeta^{u}}$ for $u$ : odd.
. [5] Lemma 38 .
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Lemma 41
(1) $\int_{a_{k}}\beta_{i}\beta_{j}$ $= \frac{1}{2(g+1)^{2}}\{(t_{2k-2_{\dot{t}}}-t_{2k})\sum_{u=1}^{i}t_{2k-2u}.+(t_{2k}-t_{2k-2i})\sum_{u=1}^{I}t_{2k-2u+2}\}$ ,
(2) $\int_{b_{k}}\beta_{\dot{x}}\beta_{j}$ $=0$ ,
(3) $\int_{a_{k}}\alpha_{i}\alpha_{j}$ $=0$ ,
(4) $\oint_{b_{k}}\alpha_{i}\alpha_{j}$ $= \frac{1}{2(g+1)^{2}}\{\sum_{u=1}^{k}(t_{2u-2j}t_{2v-2i}-2t_{2u-2j-2}t_{2u-2i}+t_{2u-2j-2}t_{2u-2\mathrm{t}-2})$
$+ \sum_{v=2}^{k}2(t_{2v-2i}-t_{2v-2i-2})(t_{2v-2j-2}-t_{(-2j)})\}$ ,
(5) $\oint_{a_{k}}\alpha_{i}\beta_{j}$ $= \frac{-1}{2(g+1)^{2}}t_{2k-2i}(t_{2k-2j}-t_{2k})$ ,
(6) $\oint_{b_{k}}\alpha_{i}\beta_{j}$ $= \frac{-1}{2(g+1)^{2}}\sum_{rJ=1}^{k}\{(t_{2u-2i-2}-t_{2u-2i})\sum_{v=1}^{j}t_{2v+2u-2j-2}\}$ .
h
1)^{2}}\sum_{u=1 m_{v=1}^{j}t_{2v+2u-2j-2}\}$
$\oint_{e_{j}}\eta=0$ , $Q_{0}\mathrm{E}:\text{ },,\mathrm{g}_{\backslash }$ $”\Xi_{\backslash \backslash }4_{\mathrm{i}}\backslash 7^{\cdot}$ $lT\mathrm{F}\epsilon I_{Q_{0}}$
Proposition 42
, $\mathbb{R}/\mathbb{Z}$ , $\mu=1/2(g+1)$ .
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$h_{1}\otimes h_{2}\otimes h_{3}\in K\otimes H$ , $\Lambda_{\nu}(h_{1}\otimes h_{2}\otimes h_{3})=I_{\nu}(h_{1}\otimes h_{2}\otimes h_{3})-I_{Q_{0}}(h_{1}\otimes h_{2}\otimes$
$h_{3})\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ . $C_{0}$ $l_{l/}:$ $[0, 1]arrow C_{0}$ $t\mapsto(t\zeta^{\nu}, \sqrt{-1}\sqrt{1-t^{2g+2}})\in C_{0}$
. .
Lemma 43
$\Lambda_{\nu}(h_{1}\otimes h_{2}\otimes h_{3})=(h_{1}, h_{3})\oint_{\ell_{\nu}}h_{2}-(h_{2}, h_{3})\oint_{\ell_{\nu}}h_{1}$
$\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ .
$I_{\nu}$ 1Q (modulo $\mathbb{Z}$ ) .
Lemma 4.4
, $\mathbb{R}/\mathbb{Z}$ ,







5 A combinatrorial formula of $I_{l}$,
$I_{\nu}=I_{P_{\nu}}$ . $\Gamma_{g}$ $g$
$\Sigma_{g}$ , ,
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. $\triangle_{g}$ $\Gamma_{g}$ $\iota$ $\triangle_{g}=\{\varphi\in\Gamma_{\mathit{9}}; \varphi\iota=\iota\varphi\}$ ,
. , $\iota$ . $\nu$ ,
$\Delta_{g,\iota/}=\{\varphi\in\Delta_{g};\varphi(P_{\nu})=P_{\nu}\}\subset\triangle_{g}$
. $S_{2g+1}$ $(2g+1)$ . $\Delta_{g,\nu}arrow S_{2g+1}$ ,
Z2\Delta g,\mbox{\boldmath $\nu$} $H_{\mathbb{Z}_{2}}$ Z2329+1Z (Arnol’d [1]). [5], [7]
, .
Proposition 5I
$I_{\nu}\in \mathrm{H}\mathrm{o}\mathrm{m}_{\Delta_{g,\nu}}(K\otimes H, \mathbb{Z}_{2})=\mathrm{H}\mathrm{o}\mathrm{m}_{S_{2g+1}}((H_{\mathbb{Z}_{2}})^{\otimes 3}, \mathbb{Z}_{2})=\mathbb{Z}_{2}$ .
, $\mathrm{H}\mathrm{o}\mathrm{m}_{S_{2g+1}}((H_{\mathbb{Z}_{2}})^{\otimes 3}, \mathbb{Z}_{2})$ $\psi$ ,
$\psi(f_{i}\otimes f_{j}\otimes f_{k})=\{$
1 for $\#\{i,j, k\}=2$ ,
0 otherwise,
$S_{2g+1}$ - $(H_{\mathbb{Z}_{2}})^{\otimes 3}arrow \mathbb{Z}_{2}$ .
, . $K\otimes H$ $A$ ,
(1) , $A= \sum_{p,q,r\neq\iota/}A_{p,q,r}f_{p}\otimes f_{q}\otimes$ . , $A_{p,q,r}\in$
$\mathbb{Z}_{2}=\{0,1\}$ . $\kappa:K\otimes Harrow \mathbb{Z}_{2}$




1/2 $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ if $\kappa(A)=1$ ,
0 $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ if $\kappa(A)=0$ .
[1] Arnol’d, V. I.: A remark on the branching of hyperelliptic integrals as functions
of the parameters. Funkcional. Anal. $\mathrm{i}$ Prilozen. 21968 no, 3, 1-3.
[2] Chen, Kuo Tsai: Iterated integrals, funlamental groups and covering spaces.
Trans. Amer. Math. Soc. 206 (1975), 83-98.
150
[3] Harris, Bruno: Harmonic volumes. Acta Math. 150 (1983), no. 1-2, 91-123.
[4] Harris, Bruno: Homological versus algebraic equivalence in a Jacobian. Proc.
Nat. Acad. Sci. U.S.A. 80 (1983), no. 4 $\mathrm{i}.,$ $1157-1158$ .
[5] Tadokoro, Yuuki: The Harmonic Volumes of Hyperelliptic Curves, to appear
in Pubi. ${\rm Res}$ . Inst. Math. Sci.
[6] Tadokoro, Yuuki: A nontrivial algebrc $\iota c$ cycle in the Jacobian vawiety of the
Klein quartic, Preprint.
[7] Tadokoro, Yuuki: The pointed harmonic volumes of hyperelliptic enrves with
Weierstrass base points, Preprint.
[8] Pulte, Michael J.: The fundamental group of a Riemarvn surface: mixed Hodge
structures and algebraic cycles. Duke Math. J. 57 (1988), no. 3 721-760.
